Abstract-Molecular communication is a nanoscale communication method in which information is encoded in molecules. Molecular communication using microtubules in free space is one of the realistic scenarios proposed for this type of nanocommunication. Based on this technique, molecular communication via filaments using nano-relays is proposed in this paper to improve the performance of the system in terms of delay and bit error probability. An analytical model using jump diffusion processes is proposed for molecular propagation in this scenario. It is shown that the proposed mathematical model is capable of tracking molecular propagation in molecular communication via filaments using nano-relays. Also, the model is used to investigate effects of different parameters on delay and bit error probability.
I. INTRODUCTION

R
ECENT advances in nanotechnology promise our ability of building functional units capable of performing simple tasks at molecular level. At this scale, we call these units nanomachines. In order to perform complex tasks, nano-machines cooperate with each other and constitute networks. Such networks are called nano-networks [1] .
In order to constitute a nano-network, nano-machines should communicate. However, due to the size of nano-machines it is not feasible to use classical communication methods. Therefore, novel communication methods compatible with the properties of nano-networks are proposed. A bioinspired and promising solution is molecular communication. In this type of nanocommunication, information is encoded in molecules.
Nanocommunication via diffusion, nanocommunication via physical contact, and nanocommunication via microtubules are different types of molecular communication [2] . In nanocommunication via diffusion, a transmitter emits molecules which diffuse through the medium, reach the receiver, and bond to the receptors on the receiver which results in receiving the message. Nanocommunication via physical contact is divided into two subcategories: nanocommunication via gap junctions, and nanocommunication via synapses. In the former case, gap junctions are used to transmit information molecules from a transmitter to the receiver, and in the latter case synapses are used. In nanocommunication via microtubules cargo transmission is carried out by binding the cargo to a special polymer, called molecular motor, which is capable of attaching to and moving along cylindrical polymers, called microtubules, while carrying the cargo. Fig. 1 illustrates an example for this type of molecular communication. A comprehensive study of molecular communications can be found in [2] - [4] . There have been many research works on nanocomunication using microtubules. Farsad et al. consider a bounded channel covered with motors on which microtubules move from a transmitter to the receiver (inverted geometry) [5] . They find the mutual information and show that the number of times a microtubule can move between a transmitter and the receiver in inter-symbol time is an important parameter determining mutual information of the system. Then, they extend their work by considering a drift for microtubules [6] , and proposing a semi-analytic model to calculate the mutual information [7] . Finally, they suggest a method to find the optimal channel dimensions for a given inter-symbol time [8] .
Moore et al. propose different scenarios for molecular communication using microtubules. They consider a single receiver to which 4 microtubules are attached and find the probability of sending an information molecule to the receiver [9] . Then, they extend the scenario by considering several receivers, and also polarity for microtubules [10] . Moore et al. find the probability of receiving information molecules and information rate of the scenarios in [11] , and propose approaches to maximize receiving probability and information rate of the systems in [12] .
A comprehensive survey on nanocommunication using microtubules, and generally molecular communication, can be found at [2] .
We call the most advanced scenario proposed by Moore et al. nanocommunication in free space [2] . In this scenario, a number of microtubules are attached to each nano-machine. The transmitter releases an information molecule attached to a motor. The unit diffuses through the medium and in case it reaches a microtubule, the motor will attach to the microtubule and move along it towards the receiver, carrying the information molecule [9] . Upon receiving the unit, the receiver will remove it from the channel. Guiding motors towards the receiver is the main advantage of using microtubules. Here, we note that throughout this work we use the terms diffusion process and Brownian motion interchangeably.
Reliability is of fundamental importance in implementing molecular communication. However, nanocommunication via microtubules in free space is reliable only if a transmitter and the receivers are close [10] , [9] , [11] . The techniques proposed to improve the reliability are mostly for nanocommunication via diffusion. Unluturk et al. suggest to use network coding and show that it improves the rate for a given delay and vice versa [25] . In another work, Aijaz et al. investigate error performance of network coding in molecular communication via diffusion and derive a closed form for error probability [26] . To improve the performance of nanocommunication via microtubules, borrowing the idea from wireless communication networks, we propose another approach and deploy nano-relays. Nano-relays are nano-machines which are capable of receiving motors and directing them towards receivers.
Microtubules are used in most of the research works which has been done. However, actin filaments are an alternative. In [27] , a comprehensive study of using actin filaments and Myosins for cargo transportation is presented. Also, the term active molecular communication is used in [28] to refer to both nanocommunication using microtubules and actin filaments, and continuous and discrete models for motors moving along a filament is presented. In this paper, we focus on message (cargo) propagation using actin filaments, since myosins move faster on filaments than kinesins and dyneins on microtubules. With these proposals, the considered scenario will be as follows. A number of filaments are attached to each and every nano-relay, and nano-relays are distributed in the channel randomly. If a motor attaches to a filament, it will be directed towards the receiver. This type of movement is different from random movement resulting from diffusion. The oriented movement of messages reduces the delay and improves the reliability of the communication technique. We will call this technique molecular communication via filaments using nano-relays.
The contributions of this paper can be summarized as follows:
• Deploying nano-relays to improve reliability of the nanonetwork.
• Proposing an analytical model for molecular propagation in molecular communication via filaments using nano-relays. The rest of the paper is organized as follows. In Section II, we discuss molecular communication via filaments using nano-relays. Then in Section III, we discuss the approximation method for jump diffusion processes, and in Section IV, the necessary parameters are calculated to use the approximation method to model molecular propagation in molecular communication via filaments using nano-relays. Section V presents the results, and finally, Section VI concludes the paper.
II. MOLECULAR COMMUNICATION VIA FILAMENTS USING NANO-RELAYS
Consider a channel with one transmitter which releases an information molecule already attached to a molecular motor (in the rest of this paper, we simply use motor to refer to information molecule-molecular motor pair). To elaborate on the performance improvements of the proposed technique, we consider a bounded two-dimensional channel where the transmitter is at the middle of it (equal distance to the boundaries). Also, the two boundaries on the two sides of the channel as receivers. If a motor hits the other boundaries it will be reflected. Also, all the nodes have relaying capability. Assume an average of nano-relays are distributed in the channel based on a Poisson point process, and filaments are attached to each of them. The orientations of all the filaments attached to a nano-relay are uniformly distributed between 0 and (with respect to the axis) except for one filament which is oriented towards the closest receiver (if a nano-relay has equal distances to receivers, we pick one receiver at random as the closest receiver). If a nano-relay receives a motor, instead of removing the motor, it will put the motor on this filament. This will guide the motor towards the closest receiver.
We have assumed nano-relays are capable of distinguishing a filament, and also, putting a motor on a specific filament. An example for the former assumption (distinguishing a filament) is the transmigration across endothelial cells (cells that line the interior surface of blood vessels) [14] , [15] . The nucleoid of these cells receives cargoes from filaments attached to one side of it and picks one of the filaments leading to a blood vessel to put the motor on, and consequently, sends the cargo into blood stream. In addition to this example, a practical technique is using concentration gradient. Assuming that the receivers emit a specific type of molecules, the concentration of the molecule is higher on the receiver side and it can be sensed by nano-relays. We propose a high level model in this paper and assume this process is performed in an ideal manner. The latter assumption can be achieved if nano-relays release motors and the cargo at a vicinity of the intended filaments. The higher the concentration of motors at the vicinity of the filament is, the higher the probability of the cargo attaching to a motor and the motor attaching to the filaments. In this paper, for tractability reasons, we assume that the concentration of motors is high enough and probability of attaching to the filament is 1.
There are different types of molecular motors. Attaches to a filament, a molecular motor may move towards the +ve end or the -ve end of the filament, depending on the type of the motor. For example, Myosin 6 move towards -ve end of a filament and most other myosins move toward the +ve end [17] . It is important to note that the and signs used here do not refer to electrical charges. They simply refer to motors' directions of movement, which depends on the structure of filaments and motors. This notation is borrowed from [10] . Assume each nano-relay is located either on the +ve end (R+ topology) or on the -ve end (R-topology) of all of the filaments attached to it. If a nano-relay in an R+ topology receives a motor, since the nano-relay is on the +ve side of all the filaments attached to it, the motor has moved towards the +ve end of the filament.
Having received a motor, the nano-relay should bond the received information molecule to a motor and put it on the filament directed towards the receiver. However, this time the motor is supposed to move towards the -ve end of the filament (away from the nano-relay). Since the received motor moves towards the +ve end of a filament, the nano-relay should use a different type of motor which moves towards the -ve end of a filament. We assume each nano-relay stores as many motors as needed, and it is capable of breaking the bond between an information molecule and a motor, and making a new one between the information molecule and a new motor. A comprehensive discussion on how these processes could be done and what are the necessary conditions on the information molecules and the motors can be found at [18] . Half of the nano-relays have R+ and the other half have R-configurations in the scenario .
Consider a motor which moves towards -ve end of a filament. Being released from the transmitter, the motor diffuses through the medium and in case it reaches a filament, it will attach to the filament. If the motor attaches to a filament belonging to a nanorelay in an R-topology, the motor will start moving towards the nano-relay. However, if the motor attaches to a filament in an R+ topology, it will move towards the -ve end of the filament and away from the nano-relay. These two scenarios are treated separately in the model.
Without loss of generality, we assume filaments are straight. If the filaments are not straight, the jump distribution would change. However, the same approach can be applied to find the model for molecular propagation. Also, it is assumed that filaments are shorter than the average distance between neighbor nano-relays and longer than half the distance. If filaments are shorter diffusion will be the dominant process for propagation and therefore, using the proposed technique is not advantageous. Fig. 3 shows a comparison for the scenario explained in Section V between filaments' length of 10 and 5
and free diffusion (in the considered scenario, average distance between nano-relays is 11.2 ). It can be seen in the figure that performance of the former scenario is close to performance of free diffusion in terms of delay. On the other hand, if filaments are longer than the range, there will be several crossovers. Since the model proposed in this paper does not consider crossovers, the results for such a scenario will not be accurate. Additionally, we assume all the filaments have the same length. Future works can relax these assumptions and make the model more general. Fig. 2 shows the scenario for eight nano-relays, i.e., , in the channel with four filaments, i.e., . As long as a released motor is not attached to a filament, it freely diffuses through the medium. If it reaches a filament, depending on its type it will start walking towards the nano-relay or the other end of the filament. Either way, the motor will reach the end of a filament after some time and diffuse again. So, if we look at the whole process of a motor's movement in the medium, it is a diffusion process with discontinuities. In other words, the attaching and detaching processes will cause discontinuities in the diffusion process and jumps in the position of the motor. This leads to the idea of using jump diffusion processes.
We note that not all released motors reach a filament. However, considering that the length of filaments are not too short (compared to the average distance between nano-relays), it happens with a high probability. Results in Section V illustrate that. Also, the proposed model is probabilistic. Therefore, it does not assume that all information molecules attach to filaments with probability 1.
III. DTMC APPROXIMATION FOR JUMP DIFFUSION PROCESSES
In this section, we present an approximation method for jump diffusion processes based on discrete time Markov chains (DTMC). We start with a brief introduction of Brownian motion. Then, the approximation method is discussed for the simple case of one-dimensional Brownian motion. Next, the model is extended to a two-dimensional process, and finally, the method is modified to approximate a jump diffusion process.
A. Brownian Motion Approximation
In this section, we first introduce Brownian motion briefly. Then, we study the DTMC approximation for Brownian motion without drift. The detailed explanation of the model can be found in [20] . Brownian motion is the mathematical model for free movement of particles. The one-dimensional probability distribution of the displacement of a particle diffusing in a medium is time dependent, and is formulated in the form of [13] : (1) where stands for the relocation, and for the time period. Also, is the diffusion coefficient of the medium.
Assume is 1. At the end of this section, we will relax this assumption. Consider a one-dimensional space which is bounded by and ( ). Since the goal is to use a Markov chain, we convert the continuous space into a discrete one by dividing it into intervals ( is a large number, and the larger the the more accurate the model. For a given error, a sample scenario can be considered to find minimum which satisfies the error. Minimum minimizes the size of the problem [20] ) with equal lengths of , where . Additionally, we discretize time into intervals of . Based on (1), it is shown in [20] that the probability distribution of the displacement of a diffusing particle in the discrete space in , , is equal to:
(2) where is a normalization factor and equal to:
Now, consider a Markov chain whose states are the spatial intervals introduced earlier ( ) and the transition probabilities are defined based on (2) . Therefore, the entries of the corresponding transition matrix of the Markov chain, , are: (4) where is the state of the Markov chain at time . This probability can be calculated by putting in (2) . It is shown in [20] that if: (5) then: (6) where is standard Brownian motion. In other words, the Markov chain approximates the position of a diffusing particle at , . It is worth mentioning that since the probability distribution in (1) is not a function of (it is a function of ), the transition probabilities presented for the Markov chain are not a function of or . They are only a function of . In order to be comprehensive, we extend the model to a twodimensional space. We build a Markov chain with state space where defines the component and defines the component of the position of a particle. Since and components of a diffusion process are independent and the transition probabilities for both components follow (2), the transition matrix of the Markov chain will be: (7) where is defined in (4) .
Finally, what if ? It is stated in [20] that one can still assume , and modify the boundary of the channel instead. If stands for the boundary of the actual channel, the boundary of the modified channel will be . We will use this technique in this paper.
B. Jump Diffusion Process Approximation
In this section, we first define jump diffusion process briefly. Then, we extend the DTMC approximation method discussed in Section III-A for jump diffusion processes [21] .
A jump diffusion process is defined as a Brownian motion with discontinuities (or jumps). Mathematically, it is of the form: (8) where is Brownian motion with zero drift and variance 1, is the square root of variance of , is the drift of the process, is a Poisson process with rate , and jump sizes are independent identically distributed random variables. Without loss of generality, we assume , and considering the scenario, . Also, we assume , , and random variables are independent. It should be noted that since is a Markov process, has Poisson distribution, and s are independent, is also a Markov process.
Unfortunately, jump diffusion processes have not been investigated thoroughly yet. Specifically, if jump sizes are not independent double exponential random variables (one exponential random variable if the jump is in the positive direction, and another exponential random variable if the jump is in the negative direction), formulating the process will be complex [22] . Some research works have considered jump distributions other than double exponential, such as hyper-exponential [23] , but considering an arbitrary jump size makes it very complex. Since the jump sizes in the considered scenario in this paper have arbitrary distribution, we introduce an approximation method for the diffusion jump process and use the method to calculate the position distribution and boundary crossing probability of the process, which is mapped into the delay of information molecules.
In order to use the approximation method introduced in Section III-A for jump diffusion processes, we discretize time. Consequently, inter-jump intervals have geometric distribution (with parameter ) and jumps happen only at the end of a time unit. Also, assume: (9) Considering spatial intervals as the states of a Markov chain, the entries of the corresponding transition matrix, , are as follows: (10) where is the transition matrix introduced in Section III-A.
In this paper, we assumed the two boundaries other than the receivers are reflective. Therefor, as long as receiving a motor is of concern, component of the position of the motor is irrelevant and we can consider a one-dimensional model. However, in order to be comprehensive, we extend the model to a two-dimensional space. We assume the and components of a jump diffusion process are independent. It should be noted that we are proposing a stochastic model. Therefore, it is not necessary to follow the exact movement of a particle. However, the model should statistically match the movement. So, it is valid to assume and components of jumps are independent given that the distributions match the distributions in the scenario. To be more specific, jumps in the and components might not happen at the same time slot, but looking at the whole process, the jumps on the and components match stochastically. Therefore, the one-dimensional approximation can be extended to approximate a two-dimensional jump diffusion process as explained in Section III-A. The transition matrix of the resulting Markov chain, , will be: (11) where is given in (10).
IV. PROPAGATION MODEL
In this section, we present the propagation model for molecular communication via filaments using nano-relays. We derive the necessary parameters to use the one-dimensional approximation method discussed in Section III-B.
Inter-jump intervals and jump sizes are the two random variables that should be known to define a jump diffusion process. In this regard, we first discuss that it is reasonable to assume that the distribution of the inter-jump times is exponential, and then, find the parameter of the distribution. Next, we calculate the jump size probability distribution.
A motor which is not attached to a filament diffuses through the medium. Considering the independent increments property of diffusion, and also the assumption that nano-relays are distributed based on a Poisson point process, the remaining time to the next attachment is independent of the time passed since the last attachment of a diffusing motor. Therefore, the time interval between two consecutive attachments to filaments has an exponential distribution.
In order to find the rate of the inter-jump process, we use a known formula. It is known that the average time for a diffusing particle to pass a circle of radius in a two-dimensional space for the first time is [24] : (12) where is the diffusion coefficient of the medium. Therefore, if is the average distance a motor diffuses between two consecutive attachments to filaments, the average inter-attach interval, or equivalently inter-jump time for a motor is: (13) and consequently, the rate of the inter-jump process will be: (14) We need to find . Since is the average distance, we consider a symmetric channel. We divide the channel into equal squares ( is the number of nano-relays) and consider one nano-relay at the middle of each square (a symmetric channel in terms of the position of nano-relays). For an arbitrary nano-relay, named A, the four nano-relays located on its right, left, up, and down consist the first set of neighboring nano-relays. The nano-relays between each two members of the first set consist the second set, and so on. Fig. 4 illustrates a sample topology. We assume that a motor detached from A will attach to a filament belonging to neighboring nano-relays of A. We find the number of sets of neighbors that should be considered in the model and also the probabilities of binding to each set of neighbors. As we will show, the average distance between two nano-relays that a motor attaches to their filaments consecutively is close to the average distance between A and the set of its first, second, and third closest neighboring nano-relays. Therefore, we assume that a motor detached from nano-relay A will attach to a filament belonging to the set of first, second, or third closest neighboring nano-relays of A. To derive the binding probabilities, we present simulation results for the distribution of the distance between two nano-relays that a motor attaches to their filaments consecutively. We consider a two-dimensional channel (100 100
). The size of the channel is chosen in a way to ensure that a released motor attaches to at least one filament before reaching a receiver and also diffuses after detaching from the filament. Therefore, the channel dimensions are much longer than both the average distance a motor moves between two consecutive attachments, which is 14.10 , (to ensure motors attach to at least one filament), and the length of filaments (to ensure motors are not received immediately after detaching from filaments). The rate of the Poisson point process for nano-relays distribution is 8 . The simulation results are presented for two length of filaments: 5 and 10 to ensure the generality of the results. As shown in Fig. 5 , the distribution of the distance between two nano-relays that a motor attaches to their filaments consecutively is close to uniform distribution. Therefore, we assume the probability of binding to the filaments of the three sets of neighboring nano-relays is the same (equal to 1/3).
Considering the above mentioned setting, , , and are the average distances of nano-relay A to another nanorelay belonging to the set of A's first, second, and third closest neighbors, respectively. The average distance between A and another nano-relay belonging to the set of A's closest neighbors is: (15) where and are the width and length of the channel. Similarly, the average distance to the set of second and third closest neighbors are:
(16) Fig. 5 . Comparing the distribution of the distance between two nano-relays that a motor attaches to their filaments consecutively, and a uniform distribution in the same range. Fig. 6 . The average distance a motor should diffuse to reach a nano-relay belonging to the set of the nearest neighbors.
Using this technique, for the scenario in which filaments' length is 10 the average distance between two nano-relays that a motor attaches to their filaments consecutively is 14.10 and 16.14 , based on simulation and analytical results, respectively. The error is 12.5%, which is negligible. For the scenario in which filaments' length is 5 the average distance based on analytic result is the same, and based on the simulation results is 13.66 . The error is 14.3%, which is not as good as the other scenario, but still not huge.
If an emitted motor attaches to one of the first neighbors, based on Fig. 6 the distance it should diffuse is: (17) where is the length of a filament, and is the average angle between two adjacent filaments attached to a nano-relay.
To find the average distance a motor diffuses to attach to a filament belonging to the second or third neighbors, we assume the motor attaches to the middle of the filament. Nano-relays are distributed based on a PPP, and therefore, they are uniformly distributed in the channel. Since the average distance between A and another nano-relay belonging to the set of its second or third neighbors is longer than the length of filaments, the motor should diffuse throught the channel to reach the next filament. Consequently, the probability distribution of the position a motor attaches to a filament belonging to the next nano-relay is defined based on a diffusion process. Since the direction of each Fig. 7 . consecutively the assumption that a motor attaches to the middle of the next filament. The figure compares probability distribution of the position a motor attaches to the next filament and a uniform distribution, for the same interval. Fig. 8 . The average distance a motor should diffuse to reach a nano-relay belonging to the set of the second or third nearest neighbors. step in Brownian motion is picked based on a uniform distribution, the distribution is approximately uniform over the length of the filament. Results shown in Fig. 7 validates this assumption. Fig. 7 compares the probability distribution for the position where a motor attaches to a filament (blue) with a uniform distribution for the same interval (red). Based on this figure, the probability distribution is very close to uniform. The probability distribution deviates from the uniform distribution for up to 5.8%. The results are derived for the scenario defined in Section V. Considering this assumption and Fig. 8 , the average distance a motor should diffuse is: (18) Therefore, the average distance a motor should diffuse to reach a filament is: (19) It is worth noting that we assumed the orientation of at least one filament of each nano-relay is fixed towards the closest receiver. Let us call such filament
. If polarity of a motor is in match with the filament it attaches to, the motor will detach from of the nano-relay. In this case, the probability that the motor attaches to of any of the neighbor nano-relays is low since is the furthest filament and the motor should go around a nano-relay to reach it. This will modify (17) and (18) by changing to . We call the average distance calculated for this scenario . However, if the polarity of an attached motor is not in match with the filament it is attached to, (17) and (18) will remain as they are. Since the number of nano-relays in R+ and R-topology are equal and they are distributed in the channel uniformly, the average distance a motor should diffuse between two consecutive attachments to filaments is: (20) Next, we derive the jump size probability distribution. Since it is more understandable, we find the distribution of the jump process, shown by , in the discrete space defined for the DTMC approximation. In what follows, we calculate the jump size on the axis. First, consider the case where the polarities of a motor and the filament do not match (the motor does not move towards the nano-relay). We divide this scenario into two parts: a motor attached to a filament other than , and a motor attached to . Starting with the former one, Fig. 9 shows an arbitrary scenario.
is the spatial step in the DTMC approximation method. Considering Fig. 9 , if the motor attaches to the region defined by , when the motor finishes moving on the filament, the displacement of the motor ( ) will be equal to one unit. Therefore, the displacement of a motor due to its movement on a filament is equal to one unit with probability: (21) where and are shown in Fig. 9 . Filaments of different nanorelays make different angles with the axis. Different angles lead to different motor displacements on the axis caused by moving along the filament. and define the range that lead to a displacement of . Assuming a motor attaches to different positions on a filament with equal probability, we have: (22) is the ratio of a filament located away from the nano-relay. Swiping from to , will change. However, choosing a small enough , the change is small enough to be ignored. Also, since the angle between a filament and the axis is uniformly distributed, we have: (23) where: (24) (25) A similar approach can be used to derive the probability of one unit displacement for all possible intervals of , and sum them to find the probability of jump size equal to one, if a motor attaches to a filament other than . Similarly, the probability distribution of different jump sizes can be found. We call this probability distribution .
What if a motor attaches to an ? The only difference will be in , since for , . Having defined , the same approach as before could be used to find jump size probability distribution if a motor attaches to an . We call this probability distribution .
Assuming a motor attaches to the filaments attached to a nano-relay with equal probability, the probability distribution of the jump size for the case where the polarity of a motor and the filament it is attached to are not in match is: (26) Clearly, the assumption of equal probability for a motor attaching to the filaments of a nano-relay is not exact. But, as we will see in the results, this will not affect the model much. Fig. 10(a) shows the probability distribution function of for a motor attached to a nano-relay with 10 long filaments and of the nano-relay is directed towards the right end receiver.
We assume the jump process along and axes are independent. Considering the model is a probabilistic analysis of motors propagation, this is a reasonable assumption. Therefore, a similar method is used to find the jump distribution on the axis. Now, if the polarity of a motor and the filament are in match, the motor starts walking towards the nano-relay. Being received, a motor is put on the filament directed towards the closest receiver ( ) and moves away. We divide this relocation of the motor into two parts: the relocation before it reaches the nano-relay, and the relocation after it is put on . The probability distribution for the first part can be derived using a similar approach as discussed before. The second part of the relocation is deterministic. Since a motor received by a nano-relay will be put on and the receivers are the two side boundaries of the channel, the second part of the relocation will be equal to on the axis, and 0 on the axis. We call this probability distribution . Fig. 10(b) shows the probability distribution function of the jump size of a motor whose polarity is in match with the filament it is attached to, on the axis. In Fig. 10(b) , the length of the filament is 10 and the of the considered nano-relay is directed towards the right end receiver. Considering nano-relays are distributed uniformly between R+ and R-topology, the overall jump size distribution is: with probability with probability . (27) Having calculated all the needed probabilities, we build the transition matrix of the molecular propagation model for the molecular communication via filaments using nano-relays based on the matrix structure defined in Section III. However, one point is left. We note that the average speed assumed for a moving motor along a filament is . Therefore, it takes seconds for a motor to move meters on a filament. We should modify the proposed model to capture this issue, since in the model each jump takes one unit of time ( ), where based on the DTMC approximation method discussed in Section III-A, is equal to: (28) Consider equal to the average time a motor is attached to a filament (having calculated , and assuming is known, it is straightforward to find ), and choose based on (28) . Defining as the spatial step, the average time a motor is attached to a filament will be equal to the time unit of the model, and the issue of a mismatch between the time unit of the model and the time interval a motor is attached to a filament is solved.
Having developed the model based on a DTMC approximation for a jump diffusion process, we discuss how the model can be used to derive a phase type distribution representing molecular delay in molecular communication via filaments using nano-relays. Consider as the transition matrix of the Markov chain modeling molecular propagation. Clearly, the Markov chain defines the position of a motor as long as its position is between the boundaries. Assume a simple case of one-dimensional channel divided into five intervals (states). Transition matrix of the Markov chain standing for molecular propagation in the channel is: (29) where ( defined in (10)), and is the probability of absorbing to state 1 from state , calculated as: (30) is the probability of absorbing to state 5 from state , calculated as:
(31) defined in (1) , and is the maximum jump size.
Molecular delay is the time distribution for the Markov chain to absorb to any of the absorbing states. Therefore, if we consider , , and as:
where is the distribution of the initial state (position) of a motor (we assume initial position of a motor is not at any of the absorbing states), will be a phase type distribution representing time to absorption, or delay, of the motor. It should be noted that since PH distribution is defined as time until absorption of a Markov chain with only one absorbing state, we defined as the way shown at (33). More specifically, we considered both absorbing states as one state. This is valid because in our scenario, it is not important that the original Markov chain has absorbed to which of the absorbing states.
Considering the above explanation, the delay distribution of the motor is:
We will use this distribution to find the results in the next section.
Note that in the next Section we compare analytic and simulation results. In the simulations, the transmitter releases a motor at time zero. Brownian motion is used to find dislocation of the motor before it reaches a filament. As time goes on, it is checked whether the motor has reached a filament. If yes, instead of Brownian motion, a movement with fixed speed with the direction of the filament is assumed for the motor until it reaches the nano-relay. Then, the movement will also be with fixed speed, directly towards the closest receiver (since the nano-relay puts the motor on the filament oriented towards the closest receiver). Upon reaching the end of the filament, the motor will start diffusing again. This goes on until the motor reaches one of the receivers. It is worth mentioning that it is assumed there are enough ATP molecules in the medium and if a motor hits a filament it will attach to the filament. Also, it is assumed motors do not detach from filaments unless they reach the end of the filament.
V. RESULTS
In this section, we use the model to investigate the performance of the channel in terms of delay and error probability. First, we validate the model by comparing the analytical and simulation results. We find the propagation delay distribution function for two different settings of the channel based on the model and simulations, and show that the two sets of results match. Simulations are performed in MatLab. The channel in Fig. 2 with dimensions of 50 50 is considered for simulations. The values assigned to parameters for the simulations are as follows. The diffusion coefficient is 1.0982 . The average speed of motors moving on filaments is 10 . We consider two settings for the channel and show that the model can track the changes. As the first scenario, the rate of the Poisson point process is 10 (average of 25 nano-relays in the channel), the number of filaments attached to each nano-relay is 4, and the lengths of the filaments are 10 . Fig. 11(a) shows the comparison between analytical and simulation results for the scenario. As it is shown in Fig. 11(a) , the analytical and simulation results are in good match. Also, we included the results for the diffusion process (in this setting, there are no nano-relays, and a released information molecule diffuses through the medium until it reaches one of the receivers). We include this setting as a reference.
In the second scenario, the rate of the Poisson point process is 6 (average of 15 nano-relays in the channel), the number of filaments attached to each nano-relay is 6 and the length of them is 7 . We changed all the parameters. Fig.  11(b) shows the comparison between the analytical and simulation results. The model tracks the performance of the channel well. The presented results validate the model and imply that jump diffusion process is capable of modelling the molecular propagation in molecular communication via filaments using nano-relays. In the following results, the setting of the channel is as follows, unless it is stated otherwise: the rate of the Poisson point process is 8 (average of 20 nano-relays in the channel), the number of filaments attached to each nano-relay is 4, and the length of them is 10 . Fig. 12(a)-(c) show the delay performance of the channel. Fig. 12(a) represent the delay of the channel if filaments with different length are used. If longer filaments are deployed in the channel, not only the probability that a diffusing motor attaches to any of them will increase, but also an attached motor will be guided towards a receiver for a longer distance. Therefore, increasing the length of the filaments will decrease the delay of the channel. Fig. 12(b) illustrates performance of the channel in terms of the delay for different number of filaments attached to each nano-relay. The probability that a motor attaches to a filament will increase if the number of filaments attached to a nano-relay increases, which will result in higher probability of guiding motors towards a receiver, and decreasing the delay.
Finally, Fig. 12(c) shows the delay for two spatial rates of the nano-relays distribution. As shown in the figure, increasing number of the nano-relays in the channel enhances the performance of the channel in terms of the delay by increasing the probability that a motor attaches to a filament.
The bit error probability is an important issue in communication. We investigate this issue in molecular communication via filaments using nano-relays. For the channel in Fig. 2 , a specific modulation is considered and the average bit error probability is derived. The same approach could be used to find bit error probability of different modulation techniques. We assume the transmitter releases one information molecule attached to a motor as bit 1, and does not release any molecule as bit 0. Considering as the inter-symbol duration, we assume a released molecule is received at most after its release. Of course, if it is not received in seconds, an error may happen. In other words, we assume inter-symbol interference is caused only by the last transmitted signal. This can be justified by assuming molecular messaged dissolve in the channel after seconds. For this modulation technique, the average bit error probability is: (36) where is probability of sending bit 0, is probability of sending bit 1, and:
(37) (38) where is the probability that a released molecule does not reach either of the receivers in seconds. Assuming , and finding from propagation delay distribution function, we derive the error probability. We note that since nano-relays do not decode messages and only put the arrived molecule on the filament oriented towards the closest receiver, no error is generated by nano-relays. Fig. 13(a) -(c) show average error probability versus intersymbol duration. Fig. 13(a) illustrates the effect of the length of filaments on the average bit error probability, Fig. 13(b) shows the error probability as a function of the number of filaments attached to a nano-relay, and Fig. 13(c) illustrates error probability for different spatial rates of nano-relays. In all cases, a similar discussion as was presented for delay distribution can be done to elaborate on the reason for performance improvements.
As the last set of results, we investigate the trade off between increasing the length of filaments or the number of filaments attached to nano-relays. Assume 4 filaments with length of 6 are already attached to each nano-relay. We assume there are enough tubulins for each nano-relay to grow 12 of filaments (tubulins are a kind of proteins, which are building blocks of filaments). The question is which one is better in terms of average bit error probability: growing two new filaments with length of 6 , or growing current filaments for 9 ? Fig. 14 shows the average bit error probability for both improvements. As expected, both decisions reduce error probability. However, growing the current filaments is more beneficial for improving the average bit error probability.
VI. CONCLUSION
In this paper, we proposed the use of nano-relays in molecular communication via filaments in free space as a technique to improve performance of this type of nanocommunication in terms of delay and bit error probability. The main goal of this paper was modeling molecular propagation in such systems. Considering the properties of the propagation, jump diffusion process was a good candidate. However, since jump diffusion processes are not investigated thoroughly, we used an approximation method based on DTMCs for jump diffusion processes and proposed the model. The model was then validated through simulations, and was used to investigate performance of the channel in terms of delay and bit error probability. It was shown that longer and more filaments will improve performance of a channel in terms of the mentioned parameters. Also, for the considered scenario using longer filaments is more efficient than adding to the number of filaments (considering the same amount of building blocks for the two scenarios). The authors are hoping this model will be useful in analyzing systems going to be implemented.
